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• Exact mathematical solutions to plot
or analyze thermal melting curves are
presented.

• The derivation of explicit equations for
molecularities n = 1 to n = 4 is given.

• Explicit equations for molecularities
n N 3 are new to the field.

• A software tool is provided to support
fast plots and data export for any
molecularity.

• The equations facilitate curve fit based
analysis of thermal melting curves.
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The analysis of thermal melting curves requires the knowledge of equations for the temperature dependence of
the relative fraction of folded and unfolded components. To implement these equations as standard tools for
curvefitting, they should be as explicit as possible. From the van't Hoff formalism it is known that the equilibrium
constant and hence the folded fraction is a function of the absolute temperature, the van't Hoff transition enthalpy,
and themelting temperature. Thework presented here is devoted to themathematically self-contained derivation
and the listing of explicit equations for the folded fraction as a function of the thermodynamic parameters in
the case of arbitrary molecularities. Part of the results are known, others are new. It is in particular shown for
the first time that the folded fraction is the composition of a universal function which depends solely on
the molecularity and a dimensionless function which is governed by the concrete thermodynamic regime but is
independent of the molecularity. The results will prove useful for extracting the thermodynamic parameters
from experimental data on the basis of regression analysis. As supporting information, open-source Matlab scripts
for the computer implementation of the equations are provided.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

The thermodynamic stability of conformations adopted by biomole-
cules (nucleic acids, proteins) is often quantified by thermal melting
experiments [1]. Heating a sample with species A usually leads to their
de (A. Böttcher),
chem.uzh.ch (R.K.O. Sigel).
dissociation, unfolding, or denaturation into a state of species B. To
discriminate the species A and B experimentally various physical
observables (PO) can bemonitored, including (UV) absorbance, circular
dichroism (CD), fluorescence (e.g. Förster Resonance Energy Transfer),
and nuclear magnetic resonance (NMR) signals [1,2]. Experimental
thermal melting curves show one of these physical measures as a
function of the absolute temperature T and give a visual proof for the
transition from A to B. This approach has been successfully applied for
decades [3–5] and has gained great popularity in the thermodynamic
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characterization of proteins and nucleic acids for intra- and intermolec-
ular folding reactions [1,6].

Molecular multiplexes of molecularities larger than two exist for pro-
teins [7,8] as well as for nucleic acids in large variety, e.g., DNA and RNA
3-, 4-, and5-way junctions [9–13], triplexDNA/RNA [1,14], G-quadruplex
DNA/RNA [14–18], i-motif DNA/RNA [18,19], or DNA-linked materials
[20], and are an important part of current research. Their thermodynamic
characterization on the basis of thermal melting experiments as in [2] is
sparse. A shortcoming is that the mathematically exact description of
thermal melting curves is not explicitly available throughout the whole
scale of molecularities. Although theoretical derivations based on
van't Hoff's formalism which describe melting transitions by two-state
transition theory (that is, in the absence of intermediate states between
A and B) exist for any molecularity n, see [21,22], explicit equations de-
scribing the entire experimental melting curve including the baselines
are well known for n ≤ 2 only, see [22–25]. Such an equation is in [8]
for n=3, but to the best of our knowledge, explicit equations aremissing
for n N 3.

It is not the scope of this paper to face the questionwhether the two-
state transition theory is applicable to the above mentioned multimers.
Also beyond the scope of the paper are the derivation and discussion of
the mathematical formalisms for other denaturation experiments,
for example, for those in which external conditions are changed to
unfold structures by means of chemicals like urea [26], pressure [27],
or pH [28]. We will focus our attention on the derivation of implicit
and explicit analytical equations for thermal melting transitions that
have the potential to be of use for testing the two-state assumption or
the type of multimer melting.

The mathematical description of an experimental thermal melting
curve is usually given by the formula PO(T) = BLA ⋅ θ(T) + BLB ⋅
(1 − θ(T)) where BLA and BLB are the so-called baseline functions
of A and B and θ is the relative fraction of A. Throughout this paper,
we will be using the terms folded and unfolded for the annealed
fraction θ and the melted fraction 1 − θ, as widely used for nucleic
acids, respectively. But as our derivations are generally applicable,
depending on the system, “folded” can also mean “bound, docked,
structured, native, complexed, assembled, hybridized”, and “unfolded”
can be replaced with “unbound, undocked, unstructured, denatured,
dissociated, or dehybridized”. The mathematical description of the
baselines as functions of the temperature is not within the focus of
this article, and therefore we refer the reader to [1,2,22,24] for more
information on this subject.

For n-molecular equilibria governed by the law An ⇌ B1 + ⋯ + Bn,
general equations that link θ(T) and Kc(T) are reviewed and summa-
rized in [21,22]. A numerical solution to the problem of plotting θ(T)
for n N 2 is given in [2]. Here we will present three different ways
to obtain θ(T): (i) by elucidating exact graphical solutions for any
molecularity, (ii) by presenting exact numerical solutions for any
molecularity, and (iii) by deriving exact explicit equations for
1 ≤ n ≤ 4 along with good approximations for n ≥ 5. We are well
aware of the fact that n-molecular two-state reactions with n ≥ 5 are
extremely unlikely, but we consider it as useful to embed the lower-
molecular cases into the entire scale of all n because this reveals com-
mon features of all molecularities on the one hand and peculiarities of
the cases 1 ≤ n ≤ 4 on the other.

For each of the solutions (i), (ii), and (iii), open-source Matlab
scripts are provided as supporting information along with a graphi-
cal user interface and an ascii-export option. By means of these
tools, one can easily and instantly generate melting curves for arbi-
trary molecularities, which, in turn and with the due care concerning
experimental data, can be used to perform model tests. Moreover,
the Matlab scripts also produce plots of θ(T) and the first two deriva-
tives θ′(T) and θ′′(T).

The open-source codes for numerical solution (ii) as well as the
explicit equations derived in (iii) can be used for regression analysis of
experimental thermalmelting curves describable by the aforementioned
PO(T) type equationwith the purpose to extract thermodynamic param-
eters (ΔH, Tm, ΔS, and ΔG). We consider our equations as important
ingredients to regression analysis, but we emphasize that these
equations alone will not solve all problems. Deviations or distortions of
thermal melting profiles can arise for numerous reasons, including
aggregation, irreversibility, impurities, intermediates, non-2-state
processes, and so forth. Thus, fitting to highly-parameterized models
such as presented here should be attempted only when supported
by other experimental approaches that validate the multi-molecular
mechanism.

2. Mathematical background

2.1. The mathematical model

We consider a multimolecular equilibrium reaction assuming a
two-state melting process of the form A ⇌ B = m1B1 + ⋯ + mkBk.
Fig. 1 exemplifies such reactions in the case of nucleic acids. As
mentioned above, one typically monitors a PO (for example, an ab-
sorbance a) over a certain temperature range in order to determine
the relative fraction θA = θA(T) of molecules in state A as a function
of the absolute temperature T. We abbreviate θA(T) to θ(T). Thus,
θA(T) = θ(T) and θB(T) = 1 − θ(T).

It is assumed that a(T) and θ(T) are related by an equation of the
form

a Tð Þ ¼ αT þ βð Þθ Tð Þ þ γT þ δð Þ 1−θ Tð Þð Þ; ð1Þ

where α, β, γ, δ are constants which describe the baselines BLA and BLB,
that is, the affine linear behavior of a(T) for θ(T) near 1 and 0. See [1,2,4,
5,22] for background information. Under the assumption that the
pressure is constant, van't Hoff's equation states that the equilibrium
constant Kc satisfies the differential equation

d ln Kc

d 1=Tð Þ ¼
ΔH
R

; ð2Þ

where R = 8.3145J/mol K is the universal gas constant and ΔH(b 0)
denotes the (temperature-independent) enthalpy change. The melting
temperature Tm is defined by θ(Tm) = 1/2. The equilibrium constant
Kc is actually a function of θ, Kc = fn(θ) with some function fn(θ) deter-
mined by the molecularity n = m1 + ⋯ + mk, and thus Eq. (2) is in
fact a differential equation for θ = θ(T).

2.2. Purpose of our study

We will show that θ(T) can be expressed in the form

θ Tð Þ ¼ φn
ΔH
R

1
T
− 1

Tm

� �� �
ð3Þ

or equivalently,

θ Tð Þ ¼ φn xð Þ with x ¼ ΔH
R

1
T
− 1

Tm

� �
; ð4Þ

where φn(x) is a function that depends solely on the molecularity n.
Notice that both θ and x are dimensionless quantities. Thus, the
functions φn(x) describe universal laws, and all concrete chemical
parameters are packed up together in the single quantity x via
Eq. (4).

The purpose of this article is to give explicit formulas for φn(x) if
n≤ 4 and to establish good approximations to φn(x) for n≥ 5. The abil-
ity to compute θ=φn(x) is ofmajor interest in the context of numerous
biophysical experiments. For example, suppose we have the data
(Tj, aj)j = 1

N of Nmeasurements aj = a(Tj). Once the function φn(x) is ex-
plicitly available, the right-hand side of Eq. (1) is completely specified



Fig. 1. Intra and intermolecular equilibria exemplified by a schematic representation of secondary structure elements as occurring in nucleic acids like hairpins, duplexes, 3- and 4-way
junctions. Here, the structural elementsBk are single strands of oligonucleotides Sk. For thermalmelting experiments, usually equal strand concentrations [Sk] are used. The relative fraction
of An, denoted by θ, can accordingly be given as a function of the temperature in an explicit form by the equations indicated on the right.
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up to the six parameters α, β, γ, δ, ΔH, Tm. These six parameters may
then be determined by solving the least squares problem

XN
j¼1

a T j

� �
−aj

� �2
→min:

If α, β, γ, δ are determined by baseline approximation, we are left
with even only the two parameters Tm and ΔH. However, we here like
to reinforce our warning from the introduction: although the explicit
functions φn(x) solve the fitting problem theoretically, in practice one
should act with the necessary diligence and strive for additional pieces
of information.

For n = 1 and n = 2, explicit equations θ(T) = θ(T, ΔH, Tm) are
known from the literature. In our notation, these equations may be
written in the form of Eq. (3) or (4) with

φ1 xð Þ ¼ 1
1þ ex

; φ2 xð Þ ¼ 1− ex

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p
−1

� �
: ð5Þ

The first of these equations is well known: see, e.g., formula (20–67)
of [23] or formula (5) of [29]. The second equation is also known: see,
e.g., Table 1 of [22], formula (13.26) of [24], formula (8) of [25], or for-
mula (4) of [26]. Notice that we could write the equations also as

φ1 xð Þ ¼ 1− 1
1þ e−x ; φ2 xð Þ ¼ 1− 2

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p : ð6Þ

This is obvious for the first equation. The second equation in Eq. (6)
follows from the identity

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p
−1 ¼ 8e−x= 1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8e−x
p� �

. We
will re-derive these two equations here. An explicit expression for
φ3(x) was given in [8] by having recourse to Cardano's formula for
cubic polynomials. This expression is equivalent to our formula (17)
below. We here derive an explicit formula for φ4(x) using Ferrari's
formula for quartic polynomials [30, p. 4]. Although the formulas of
Cardano and Ferrari are of immense historical importance and have
influenced a great deal of present-day mathematics, their applications
to concrete problems in practice are sparse. We therefore consider it
as very noteworthy that just these formulas give handy exact equations
for the melting curves of trimolecular and tetramolecular dissociation
and binding reactions.
2.3. Van't Hoff analysis

The equilibrium constant for the reaction A⇌ B=m1B1+ ⋯+mkBk is

Kc ¼
B1½ �m1⋯ Bk½ �mk

A½ � ;

and as θ is the fraction of species A and 1− θ the fraction of species B, we
have [A] = θ[A]0 and [Bj] =mj(1− θ)[A]0, where [A]0 stands for the total
concentration. This yields

Kc ¼
∏m

mj

j 1−θð Þn A½ �n0
θ A½ �0

¼ c 1−θð Þn
θ

; ð7Þ

where n = m1 + ⋯ + mk and c is the constant c ¼ A½ �n−1
0 ∏m

mj

j ; see,

e.g., [5, p. 312]. We denote the function on the right-hand side of Eq. (7)
by fn(θ), thus getting the equation Kc = fn(θ). Van't Hoff's Eq. (2) may
then be written as

d lnf n θð Þ
d 1=Tð Þ ¼ ΔH

R
: ð8Þ

From Eq. (8) we infer that

ln f n θð Þ ¼
Z

ΔH
R

d 1=Tð Þ ¼ ΔH
RT

þ C

with an integration constant C. As θ = 1/2 for T = Tm, it follows that
ln fn(1/2) = ΔH/(RTm) + C, and hence

ln fn θð Þ−ln fn 1=2ð Þ ¼ ΔH
R

1
T
− 1

Tm

� �
¼: x: ð9Þ

Clearly, the function ψn(θ) := ln fn(θ)− ln fn(1/2) is nothing but the
inverse of the function θ = φn(x). Taking into account that

fn θð Þ ¼ c 1−θð Þn
θ

; ð10Þ

we obtain from Eq. (9) that

x ¼ ψn θð Þ ¼ n ln 1−θð Þ−ln θþ n−1ð Þln 2: ð11Þ

At this point the inverse of the function φn(x) we are looking for is at
our disposal.
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3. Results

3.1. Graphical solution

Eq. (11) allows us to plot x= (ΔH/R)(1/T− 1/Tm) as a function of θ,
and reflection of the plot at the bisector x= θ of the first quadrant gives
the plot of θ as a function of x= (ΔH/R)(1/T− 1/Tm). In other terms, to
plot the n-molecular scaled melting curve θ= φn(x) in the (x, θ) plane,
we may simply plot the curve {(ψn(θ), θ) : 0.03 b θ b 0.97}. This curve
allows us to find θ at a given x graphically. Fig. 2 shows the graphs
of some functions θ = φn(x), while Fig. 5(A) gives examples of the
dependence of θ = θ(T) (vide infra).

3.2. Numerical solution

If f(θ) = fn(θ) is given by Eq. (10), then taking the exponential of
Eq. (11) yields the equation

1−θð Þn
θ

¼ ex

2n−1 : ð12Þ

As the left-hand side of Eq. (12) is strictly decreasing on (0, 1),
this equation has a unique solution θ ∈ (0, 1) for each x. After writing
θ = 1 − y, Eq. (12) reads yn/(1− y) = ex/2n − 1, that is,

yn þ ex

2n−1 y−
ex

2n−1 ¼ 0: ð13Þ

For n=4, an equation equivalent to this equation is in [2,7]. Eq. (13)
is an algebraic equation of the degree n in y, which can be easily solved
with today's mathematical software. For example, the case n = 4
appeared in [2] and was solved there using Wolfram Mathematica. To
give another example, if n = 10 and x = 3, then the solution y and
thus θ = 1 − y can be computed via Matlab using the following
commands.

n=10; x=3;
if n == 1; y=1/(1+exp(−x)); else

yr=roots([1 zeros(1,n-2) exp(x)./2.^(n-1) -exp(x)./
2.^(n-1)]);

for j=1:1:n;
if imag(yr(j)) == 0 & yr(j) N 0 & yr(j) b 1; y=yr(j); end;

end; end;
theta=1-y.

The result is θ = 0.3489205.
(A)

Fig. 2. Exact graphical representations of the curves θ=φn(x) for (A) low and (B) highmolecul
with growing n. The graphs were obtained by plotting the curves according to Eq. (11).
3.3. Explicit melting equations

3.3.1. Monomolecular reactions
For n = 1, Eq. (13) is linear and we obtain y = ex/(1 + ex). As θ =

1 − y, we arrive at the well known formulas

θ ¼ φ1 xð Þ ¼ 1
1þ ex ¼ 1− 1

1þ e−x ; ð14Þ

which we already cited in Eqs. (5) and (6).

3.3.2. Bimolecular reactions
If n = 2, then Eq. (13) is a quadratic equation whose solution y

between 0 and 1 is

y ¼ − ex

4
þ ex

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p
¼ ex

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p
−1

� �
;

which is the formula we encountered in subsection 2.2, and as shown
there, this yields the second formula in Eqs. (5) and (6):

θ ¼ 1−y ¼ φ2 xð Þ ¼ 1− 2
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8e−x
p : ð15Þ

Equivalent expressions are

φ2 xð Þ ¼ 2

1þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p
−1 ¼ 1−1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p

1þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8e−x

p
−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8e−x
p þ 1

: ð16Þ

3.3.3. Trimolecular reactions
In that case, Eq. (13) is a cubic equation and Cardano's formula [30,

p.4] eventually gives

θ ¼ φ3 xð Þ ¼ 1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2x

82 þ e3x

123

s
þ ex

8

3

vuut þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2x

82 þ e3x

123

s
− ex

8

3

vuut
: ð17Þ

This formula is a restatement of formula (A5) of [8]. An equivalent
expression is

φ3 xð Þ ¼ 1þ ex=3ffiffiffi
83

p
ffiffiffiffiffiffiffiffiffiffiffiffi
w−13

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
wþ 13

p� �
with w ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ex

27

s
: ð18Þ
(B)

arities n. Note that the steepness around x=0, which corresponds to T= Tm, is decreasing
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3.3.4. Tetramolecular reactions
This time Eq. (13) has the degree 4 and we may have recourse to

Ferrari's formula [30, p. 4]. Upon several computations and appropriate
choices of signs one gets

θ ¼ φ4 xð Þ ¼ 1þ 1
2
ffiffiffiffiffiffiffiffiffiffi
u−v

p
−1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ uvþ v2

p
− u−vð Þ

q
ð19Þ

with

u ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e4 x

1282 þ
e3x

63

s
þ e2x

128

3

vuut
; v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e4x

1282
þ e3x

63

s
− e2x

128

3

vuut
; ð20Þ

or equivalently,

u ¼ e2x=3

4
ffiffiffi
23

p
ffiffiffiffiffiffiffiffiffiffiffi
r þ 13

p
; v ¼ e2x=3

4
ffiffiffi
23

p
ffiffiffiffiffiffiffiffiffiffi
r−13

p
with r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2048

27
e−x

r
: ð21Þ

Fig. 3 shows that the functions (17) and (19), (20) indeed exactly
match the melting curves obtained in Fig. 2 by a different construction.

3.3.5. Higher molecularities
For n ≥ 5, formulas like those in the previous cases are no longer

available. However, good approximations can be obtained from cut
Taylor expansion combined with at most two Newton steps. Fig. 4
convincingly demonstrates the first-class quality of the approximations
to the exact melting curves from Fig. 2.

The formula

θ ¼ φn xð Þ≈1
2
þ n
2 n−1ð Þex=n nþ ex=n−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 2n−1ð Þe2x=n þ 2ex=n

q� �
ð22Þ

is remarkably good for x b 1. The approximation

θ ¼ φn xð Þ≈1
2
− x

2 nþ 1ð Þ þ
1
2
w xð Þ ð23Þ

with

w xð Þ ¼
1− x2

nþ 1ð Þ2

nþ 1− n−1
nþ 1

x
n ln 1þ x

nþ 1

� �
−ln 1− x

nþ 1

� �
−x

� �
(A) (

Fig. 3. Graphical validation of the explicit melting equations for n = 3 and n = 4. The grap
graph of θ=φ4(x) (solid line) and a few values of function (19) (circles) in (B). The solid lines w
n = 3 and n = 4. The pictures convincingly illustrate that formulas (17) and (19) give the cor
is fairly good for x N 0 as long as θ(x) N 0.1. For n= 5we may go with x
almost until n. Finally, using

θ ¼ φn xð Þ≈ 1
n n−1ð Þ nþ ex

2n−1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ex

2n−1

� �2
−2n n−1ð Þ

s0
@

1
A

¼ 2

nþ ex

2n−1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ex

2n−1

� �2
−2n n−1ð Þ

s :
ð24Þ

weget good approximations for x N n− 1/2. Fig. 4 illustrates the approx-
imations. The solid lines in these figures were obtained as in Fig. 2.

3.4. Derivatives

The derivatives of a function sometimes tell us more about the
function than the function itself; see Fig. 5. We therefore want to men-
tion the pleasant circumstance that in order to compute the derivatives
of the functionsφn(x) we need not differentiate the explicit expressions
we have given for these functions. It suffices to have recourse to Eq. (9).
Moreover, the evaluation of the derivatives of φn(x) can be reduced to
evaluations of only φn(x) itself. Indeed, Eq. (9) with θ = φn(x) reads
x = ln fn(φn(x)) − ln fn(1/2), and differentiating this equation we get
1 = (fn′(φn(x))/fn(φn(x))φn′(x), that is,

φ0
n xð Þ ¼ f n φn xð Þð Þ

f 0n φn xð Þð Þ : ð25Þ

Differentiating Eq. (25) again we obtain

φ″
n xð Þ ¼ 1− f n φn xð Þð Þ f ″n φn xð Þð Þ

f 0n φn xð Þð Þ2
 !

f n φn xð Þð Þ
f 0n φn xð Þð Þ :

Since fn(θ)= c(1− θ)n/θ is given by Eq. (10), this can bemademore
explicit to

φ0
n xð Þ ¼ φn xð Þ φn xð Þ−1ð Þ

1þ n−1ð Þφn xð Þ ð26Þ
B)

h of θ = φ3(x) (solid line) and some values of function (17) (circles) in (A), and the
ere drawn as in Fig. 2, that is, we simply plotted the curves {(ψn(θ), θ) : 0.03 b θ b 0.97} for
responding melting curve with absolute precision.



(A) (B)

(C) (D)

(E) (F)

Fig. 4.Graphical validation of the approximations (22), (23), (24). The graphs of θ= φn(x) are drawn as solid lines in the left pictures for n=5 and in the right pictures for n=10. Some
values of the functions (22), (23), (24) are plotted as circles in the upper, middle, and lower pictures, respectively.
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and

φ″
n xð Þ ¼

φn xð Þ 1−φn xð Þð Þ 1−2φn xð Þ− n−1ð Þφn xð Þ2
� �

1þ n−1ð Þφn xð Þð Þ3 : ð27Þ

These formulas are consistentwith those for dθ/d(1/T) and d2θ/d(1/T)2

given in [22].
The shape broadening caused by increasing n and depicted in

Fig. 5 is a well-known phenomenon in the DSC (Differential Scanning
Calorimetry) community [25]. However, in several processes, ΔH
also scales with increasing n, and hence the steepness in Fig. 5(A) is
probably not a realistic reflection ofwhatwould happen in a real system
and should therefore be treated with caution. In Fig. 5(B) and (D),
potential melting transitions are shown for DNA 3-, 4-, and 5 way-
junctions. The melting temperatures are adopted from Kadrmas
et al. [13]. The respective thermodynamic parameters ΔH and ΔS
were calculated using IDT SciTools as described elsewhere [31]. The
basepair sequences of the single arms were concatenated in such a
way that ΔH and ΔS match the experimentally found Tm values. For
the 3-, 4-, and 5-way junction, this was roughly achieved with the
thermodynamic data of almost 2 arms (12–13 BPs), 4 arms (28 BPs)
and almost 4 of 5 arms (29 BPs), respectively. Such qualitative findings
are in line with other studies of 3-way junctions [32,33] and 4-way
junctions [34].

3.5. More general temperature dependence

We remark that our analysis is not restricted to constant right-hand
sides in van't Hoff's equation. For example, it permits to take into
account heat capacity changes, which are known to occur during
heating/cooling cycles and to bemodest for nucleic acids [1] but distinc-
tive for proteins [35]. To see this, it ismore to convenient towrite Eq. (8)
in the equivalent form d ln fn(θ)/dT = − ΔH/(RT2). For a temperature
dependent enthalpy change ΔH = ΔH(T), the solution to this equation
is

ln fn θð Þ−ln fn 1=2ð Þ ¼ −1
R

Z T

Tm

ΔH τð Þ
τ2

dτ:



(A) (B)

(C) (D)

Fig. 5. The graphs of the functions θ= θ(T) (A and B) and of the derivative θ′(T) (B and D) in the cases considered in Fig. 2(A) for ΔH/R=−100 000 K and Tm = 330 K. The plots were
obtained using Eqs (4), (12), (26). Theplots in (A) reveal that themelting curves becomeflatterwith increasingmolecularityn. Theplots in (C) convincingly show that, as alreadyobserved
in [22], the minimum of the derivative θ′(T) moves to the right as the molecularity n increases. This phenomenon is hardly seen in (A). Plots (B) and (D) exemplify potential melting
transitions of DNA 3-, 4-, and 5-way junctions (n = 3, 4, and 5, respectively). For details, see the text.
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(Since T is the upper bound in the integral, we denoted the integra-
tion variable by τ.) This gives

θ Tð Þ ¼ φn xð Þ with x ¼ − 1
R

Z T

Tm

ΔH τð Þ
τ2

dτ: ð28Þ
Clearly, this may also be written as

θ Tð Þ ¼ φn xð Þ with x ¼ Q Tð Þ−Q Tmð Þ and Q Tð Þ ¼ − 1
R

Z T

T0

ΔH τð Þ
τ2

dτ;

ð29Þ

where T0 is any reference temperature. Two concrete situations are as
follows.

(a) Suppose we have a nonzero heat capacity change ΔCp= ∂ΔH/∂T,
which need not to be constant. Then

ΔH Tð Þ ¼ ΔH Tmð Þ þ
Z T

Tm

ΔH σð Þdσ ;

and inserting this in Eq. (28) we get

x ¼ −1
R

Z T

Tm

ΔH Tmð Þ
τ2

dτ−1
R

Z T

Tm

1
τ2

Z τ

Tm

ΔCp σð Þdσ dτ

¼ ΔH Tmð Þ
R

1
T
− 1

Tm

� �
− 1

R

Z T

Tm

ΔCp σð Þ
Z T

σ

1
τ2

dτ dσ

¼ ΔH Tmð Þ
R

1
T
− 1

Tm

� �
− 1

R

Z T

Tm

ΔCp σð Þ 1
σ
− 1

T

� �
dσ :

ð30Þ

Obviously, this could also be written as Q(T) − Q(Tm) with

Q Tð Þ ¼ ΔH Tmð Þ
RT

− 1
R

Z T

Tm

ΔCp σð Þ 1
σ
− 1

T

� �
dσ :
In the special case where ΔCp is constant, formula (30) can easily
be simplified to

x ¼ ΔH Tmð Þ
R

1
T
− 1

Tm

� �
−

ΔCp

R
ln

T
Tm

þ ΔCp

R
1− Tm

T

� �
; ð31Þ

that is, in this case we have Eq. (28) with x given by Eq. (31).
Equivalently, we obtain formula (29) with Q(T) defined by

Q Tð Þ ¼ ΔH Tmð Þ
RT

−
ΔCp

R
ln T− Tm

T

� �
: ð32Þ

These formulas are well-known; see, e.g., [35,36].
(b) In [37], we encounter the equation dlnfn(θ)/dT = − ΔH/(RT2)

with ΔH = ΔH(T) of the form

ΔH Tð Þ ¼ ΔH0 þ
q1
T

þ q2
T2 þ

q3
T3 þ ⋯:

In that case the integral in Eq. (29) can easily be evaluated and
we obtain

Q Tð Þ ¼ 1
RT

ΔH0 þ
q1
2T2 þ

q2
3T3 þ

q3
4T4 þ ⋯

� �
ð33Þ

for the type of temperature dependent enthalpy change at hand.

4. Conclusions

We have shown that the thermal melting curve θ = θ(T) of an n-
molecular two-state equilibrium reaction A ⇌ B = m1B1 + ⋯ + mkBk
is of the form θ = φn(Q(T)− Q(Tm)) with some function Q(T) contain-
ing all chemical parameters and a universal function φn(x) of a dimen-
sionless variable x. If the right-hand side of the van't Hoff equation is
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taken to be the constant ΔH/R, then Q(T) = ΔH/(RT). The shape of the
function φn(x) depends exclusively on the sum n = m1 + ⋯ + mk, we
listed φn(x) explicitly and in closed form for n ≤ 4, and we indicated
good approximations to φn(x) for n ≥ 5. We showed in particular that
the famous but in practice rarely used formulas by Cardano and Ferrari
for cubic andquartic equations provide uswith closed-formexpressions
for the scaled melting function φn(x) in the case of trimolecular and
tetramolecular reactions. These will be of use in the regression analysis
of experimental melting curves for reactions with triplexes, 3-way or
4-way junctions, or quadruplexes. Finally, the Supporting Information
contains Matlab codes and a graphical user interface which compute
φn(x) and the derivatives φn′(x), φn

″(x) and thus also θ(T), θ′(T), θ′′(T)
for arbitrary values of n.
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